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1 . INTRODUCTION
Let L(k) be the smallest integer, if it exists, such that, for all integers
n > L(k) there is a latin square orthogonal to its transpose (L.A.S.O.T.) of
order n which contains in its top left-hand corner a L .A.S.O.T. of order k ;
otherwise let L(k) = oo . Similarly let M(k) be the smallest integer, if it
exists, such that, for all n > M(k) there is a pair of mutually orthogonal
latin squares (M.O.L.S.) of order n which contain in their top left-hand
corners a pair of M .O.L.S. of order k ; otherwise let M(k) = co . In [5], by
a simple method, we showed that L(1) < 26004, L(4) < 26004,
L(7) < 26004, L(22) < 36372, M(l) < 483, M(3) < 6507 . There is no
reason to suppose that any of these bounds are best possible, and in fact
it has been shown elsewhere [1, 2, 3, 4] that L(1) = M(l) = 7 ; the methods
used in [5] could probably be used to bring down the other bounds much
further .
In the first part of this paper we obtain bounds for L(k) and M(k),
where k is an arbitrary positive integer . We then apply these bounds to
obtain similar results for pairs of mutually orthogonal double diagonal
latin squares (M.O .D .D.L .S .) .
It follows immediately from the remarkable theorems of Wilson [I] that
M(k) < co if k =A 2, 6, and similar results may be deduced from Wilson's
paper for many other types of latin square . The main point of this article
is to provide a finite upper bound for M(k) and L(k) . These upper bounds
could probably be greatly improved by further use of the techniques used
in the previous paper [5] and also by the use of similar but more
complicated arguments than those used here . Our method is completely
independent of Wilson's theorems .
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2 . L.A.S.O.T .S AND PAIRS OF M.O.L.S
Bose, Shrikhande and Parker [1, 2, 3] proved that there is a pair of
M.O.L.S. of order n if and only if n =A 2, 6, and Brayton, Coppersmith and
Hoffman [4] proved that there is a L .A.S.O.T. of order n if and only if
n =A 2, 3, 6 . Consequently M(2) = M(6) = L(2) = L(3) = L(6) = co . It
is clear that
M(k) < L(k) (Vk) . (1)
We now describe the main theorem of this section . Let pi = 4, p2 = 5,
p 3 = 7, p, = 9, and, for i > 5, let pi be the ith prime .
THEOREM 1 . If k :/-- 2, 3, 6 then
L(k) < 36373 . 5 2 . 4 8 . {p11p22 . . . } 2 k 2
where
CXi = 0 if p i I k or p max{p ; : p, I k},
p"i < k <
p'i+
1
if p i t k and pi max{p; : p; I k} .
It is not hard to improve the bound in Theorem 1 to a certain extent in
various ways, but our main concern is to obtain a reasonable bound by the
simplest argument we can find . The factor 36373 is derived from our
computer program described in [5] in which we proved L(22) < 36372 .
By (1), and the fact noted in the Introduction that M(3) < 8103 we have
the following corollary to Theorem 1 .
COROLLARY . If k ~ 2, 6 then
M(k) < 36373
. 52 .
48{pil
. p 22
. .
.}2 k2 .
Before starting to prove Theorem 1 we need to define another function .
Let L(h, k) be the least integer, if it exists, such that, for all integers
n > L(h, k) there is a L .A.S .O.T. of order n on 1, . . ., n which contains a
L.A.S.O.T. of order h on 1, . . ., h in the top left-hand corner, and a
L.A.S.O.T. of order k on n - k + 1, . . ., n in the bottom right-hand
corner ; otherwise let L(h, k) = co . Clearly L(h, k) = L(k, h) .
An important tool in the proof of Theorem 1 is the Sade-Lindner
[9, 10] singular direct product of L .A .S.O.T.s, which we now recapitulate .
CONSTRUCTION 1 . Let V be a L.A.S.O.T. of order v on 1, . . ., v ; let Q
be a L.A.S.O.T. of order q on 1, . . ., q which contains in its top left-hand
corner a L .A.S.O.T . P of order p on 1, . . ., p; let P1 , P2 be a pair of latin
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squares of order q - p on p + 1, . . ., q such that P1 is orthogonal to P2T .
Then the singular direct product V x Q(P, P,, P2) of V, Q, P, P,, P 2 ,
which we describe by means of Diagram 1, is a L .A.S.O.T. of order
p + v(q - p)
on {1, . . .,
P} U {{1,
. . ., v}
x {p +
1, . .
., q}}
. Let
V =
( v2; :
i =
1, . . ., v; j = 1, . . ., v) .
In the four cells A(0, 0), A(0, j), A(j, 0), A(j, j) is the L.A.S.O.T. Q with
each x
0
{ 1, . . ., p} replaced by (x, v ;;) . In the cells A(i, j) with i > j is the
latin square P1 with each x replaced by (x, vi;), and in the cells A(i, j) with
j < i is the latin square P 2 with each x replaced by (x, vi ;) .
A(0,0).
A(1,0)
A(2,0)
A(v,0
DIAGRAM I
Construction 1 remains valid even if p = 0. In the case whenp = 0 and
Q = P1 = P2 we replace the notation V x Q(P, P1 , P2) by V • Q.
We shall also use the following development of the Sade-Lindner
singular direct product .
CONSTRUCTION 2 . Let V, Q, P, P 1 , P2 be as described above, but also
let Q, P1 ,
P2 each contain a L .A.S.O.T . R of order r on q - r + 1, . . ., q
in the bottom right-hand corner . Then V x Q(P, Pl , P 2) contains the
L.A.S.O.T . V • R of order yr on {1, . . ., v} x {q - r + 1, . . ., r} in the
positions indicated by the shaded areas in Diagram 2 . Let
F(V X Q(P, P1 , P2 ; R))
denote the L.A.S.O.T. obtained from V x Q(P, P,, P2) by applying the
A(0,1) 0(0,2) f(0,
- A(1,1) A(1,2) A(1, )
-
A(2,1) A(2,2) (2, )
- A(v,1)
A(v,2) A(v,v)
- A(O,v)
A(0,1)
A(0,2) .
	
.
- A(1,1) A(1,2)
A(1,v)
. .
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A(0.1)
A(1,0)
,0)
,0)
DIAGRAM 2
same permutation to the rows and the columns of V x Q(P, P1 , P2) in
such a way that the L.A.S.O.T. V - R is moved to the bottom right-hand
comer, the relative order of the rows and columns not passing through
V • R remains unchanged, and the relative order of the rows and columns
passing through V • R remains unchanged.
Clearly, in Construction 2, if P is in the top left-hand comer of S, and S
is in the top left-hand comer of Q, then F(V x Q(P, P1 , P2 ; R)) contains
S' in its top left-hand comer, as well as V - R in its bottom right-hand
corner, where S' is a matrix obtained from S by replacing each
x e {p + 1, . . ., q} by (x, vii) .
In the proof of Theorem 1, special consideration has to be given to the
case 3 k . We first note that in the pair (A, B) of M.O.L.S. of order 10
found by Bose, Shrikhande, and Parker [3] which we give below, if the
3 x 3 matrix in the botton right-hand corner of B is replaced by
7 8 9
8 9 7
9 7 8
to give a latin square B', then B' = AT .
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\\ ~\
- A(2,1)
A(2,2) ,2,v)
\\ \ \\
1, (v,l) A(v,2) .
A .(V,V)
.
Let V be a L.A.S.O.T . of order v . Consider the direct product V - A .
The sub-latin square of order 3 in the bottom right-hand corner of A
gives rise to a sub-latin square of order 3v in V • A occupying the positions
indicated by the shaded areas in Diagram 3 .
DIAGRAM 3
Let C be a L.A.S.O.T. of order 3v on the elements of
{1, . . ., v} x {7, 8, 9} .
Remove the sub-latin square of V • A . of order 3v and replace it by C. It
is easy to see that the resulting latin square is a L.A.S.O.T. In view of the
\. ~ \\
A(v,1) A(v,2)
,
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0 6 5 4 9 8 7 1 2 3 0 7 8 9 1 3 5 2 4 6
7 1 0 6 5 9 8 2 3 4 6 1 7 8 9 2 4 3 5 0
8 7 2 1 0 6 9 3 4 5 5 0 2 7 8 9 3 4 6 1
9 8 7 3 2 1 0 4 5 6 4 6 1 3 7 8 9 5 0 2
1 9 8 7 4 3 2 5 6 0 9 5 0 2 4 7 8 6 1 3
A=
3 2 9 8 7 5 4 6 0 1
B=
8 9 6 1 3 5 7 0 2 4
5 4 3 9 8 7 6 0 1 2 7 8 9 0 2 4 6 1 3 5
2 3 4 5 6 0 1 7 8 9 1 2 3 4 5 6 0 7 8 9
4 5 6 0 1 2 3 8 9 7 2 3 4 5 6 0 1 9 7 8
6 0 1 2 3 4 5 9 7 8 3 4 5 6 0 1 2 8 9 7
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result of Brayton, Coppersmith, and Hoffman [4], the following lemma is
now easy to deduce .
LEMMA 1 . If v =A 2, 3, 6 there is a L .A.S. O . T. of order 10v which
contains a L .A .S.O.T. of order 3v in its bottom right-hand corner .
LEMMA 2 . L(22, 22) < 36373 . 44 .
Proof. Since 22 = 1 + 7(4 - 1) there is a L.A.S.O.T. of order 22
which has symmetrically placed L.A.S.O.T.s of orders 7, 4, 1 within it .
From [5] we know that L(22) < 36372. By Construction 2, and the
equations
4n = 4n,
4n+1=1+4(n +1-1),
4n +2=22+4(n+17-22),
4n + 3 = 7 + 4(n + 6 - 7),
and the fact that M(1) < 36372 - (22 - 17), it follows that
L(22, 4) < 4 • 36372 .
We also know from [5] that L(4) < 26004 . Therefore, since
M(4) < L(4) < 4.36372 - (22 - 17),
we may repeat this argument and obtain
L(22, 4 2) < 42 . 36372,
from which we deduce
(2)
L(42) < 42 . 36372 .
Since the bounds we have for L(22, 42) and L(42) are the same, applying
Construction 2 and the equations above now gives
L(22, 43) < 22 + 43 -36372 .
Repeating this argument,
L(22, 44) < 22 + 4(22 + 43 • 36372)
= 110 + 44 • 36372
44 -36373 .
Since 44 = 256 = 1 + 85(4 - 1), 85 = I + 7(13 - 1), and
22 = I + 7(4 - 1) it follows that L(22, 22) < 4 4 . 36373 .
90
	
CRAMPIN AND HILTON
LEMMA 3 . For r = 0, 1, 2, . . .
(i) L(22 • 4r, 22 -4r) < 36373 .44 . 4 2 r
(ii) L(22 -4r+ 1, 22 -4r) < 36373 •44 .4 2 r+
1 ,
Proof. The proof proceeds by induction . Part (i) is true when r = 0.
From Eqs . 2 and Construction 2, and since L(22) < 36373, it follows that
part (ii) is true when t = 0 .
Now let r > 1 . Suppose that (i) is true and that (ii) is true with r replaced
by r - 1 . Then (ii) follows (with r unaltered) from Eqs . 2 and
Construction 2.
Suppose that both (i) and (ii) are true with r replaced by r - 1 . Then
(i) follows (with r unaltered) from Eqs . 2 and Construction 2 . Lemma 3
now follows by induction .
LEMMA 4. For r = 0, 1, 2, . . .
L(88 -4r, 88 . 4 r ) < 36373 •46
.42r
.
Proof. This is equivalent to Lemma 3(i).
LEMMA 5. For r1 , r 2 = 0, 1, 2, . . .
(i) L(88 -4r15r2, 88 . 4 r1 . 5r2) < 36373 •4 6 .42r1
. 52r2 .
(ii) L(88 -4 r15r2+1 , 88 •4 r1 . 5r2) < 36373 -4 6 •42r1
. 52x2+1
Proof. If (i) is true then (ii) follows from Construction 2
equations
5n = 5n,
5n+1=1+5(n+1-1),
5n + 2 = 7 + 5(n + 6 - 7), (3)
5n + 3 = 8 + 5(n + 7 - 8),
5n + 4 = 4 + 5(n + 4 - 4),
in view of the fact that 88 = 8 x 11 and 22 = 1 + 7(4 - 1) . Similarly, if
(i) and (ii) are true then (i) follows with r 2 replaced by r2 + 1 from Con-
struction 2 and Eqs. 3 . Lemma 5 now follows by induction on r 2 .
LEMMA 6 . For r1 , r 2 = 0, 1, 2, . . .,
L(440
.411 .
5r2, 440
. 4r1 .
5r2) < 36373 . 5
2 .
46
.42x1 . 52r2
.
Proof. This follows immediately from Lemma 5 .
and the
Lemma 1, and the fact that 44 = 4 x 11 .
LEMMA 9 . For r1 , r 2 , r,,, r4 = 0, 1, 2, . . .,
L(1760
. 4r1
. 572 . 7 73 . 974 , 1760 •47
1 . 57 2 . Ira . 9 T4
)
36373 . 5
2 .48 -4 2x1 .
52x2 -7 2r3
. 9274 _
Proof This is contained by Lemma 8(i) .
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LEMMA
7 . For r1 , r 2 , r 3 = 0, 1, 2, . . .,
(i) L(440 . 4T1 . 5 72 . Ira, 440 •4 7 1 . 5 7 2 . Ira)
(ii)
36373 . 5 2
L(440
.
4r1
. 5 r2 ,
.46 •4
271 , 5 27
2 .
727 3 ,
773+1, 440 .
4r1
. 572 . 773)
< 36373 • 52 •4 6 • 4
2r1 , 527
2 . 7 27 3+1
Proof. The proof is similar to that of Lemma 5, but uses the equations
7n + i = i + 7(n + i - i),
	
i=0,1,4,5,
7n + 2 =16
7n + 3 = 10
7n + 6 = 20
+ 7(n + 14 - 16),
+ 7(n + 9 - 10),
+ 7(n + 18 - 20)
instead of Eqs. 3 .
LEMMA 8 . For r 1 , r2 , r3 , r4 = 0, 1, 2, . . .,
(i) L(440
.471
. 5T2 . Ira . 974, 440
.471 . 5r2 .773 .
974)
(ii)
< 36373 •
L(440 . 47
1 . 572
< 36373 .
5
2
.46
, 4 2r1
. 7
7 3 . 9 74+1
,
52 -46-4
271
-5
2r2
-7
2r3 . 9 27
4,
440
. 471 . 572 . 773 . 9 74
)
.5272 -7 2r3
. 9274
+1 .
Proof. The proof is similar to that of Lemma 5, but uses part (i) of
Lemma 7, the equations
9n + i = i + 9(n + i - i), i = 0, 1, 4, 5, 7, 8,
9n + 2 = 11 + 9(n + 10 - 11),
9n + 3 = 12 + 9(n + 11 - 12),
9n + 6 =33 + 9(n + 30 - 33),
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LEMMA 10 . Let s 1, let k = p s , let a, , . . ., as_, be defined as for
Theorem 1 and let r, , r 2 , . . ., r, = 0, 1, 2, . . . .
(i) L(1760p~i+ri
	pa, +% .<-, . ps,
1760p~'
ri	
pa_~
+r, 1
. ps,)
8-1
< 36373 . 4 $ . 5 2 .
(pal-+r,
	
pa , +
r,,-i . p r,)2
(ii) L(1760pal+ri
	Pa
. i
+r,-,
. p r ,+1,
1760pal+ri
	pasi +r,-, .
Pr,)
< 36373 . 4 $ . 5 2 . (p
x,+r,	
pas-1,+ ,,_, . p ss)2 . ps .
Proof. The proof proceeds by induction on s. By Lemmas 3-9,
Lemma 10 is true ifs < 4, so now assume that s >, 5 and that Lemma 10
is true for s - 1 . We consider two cases .
Case i. k - 1 (mod 4) . Again the proof for this case is similar to
Lemma 5. We use the induction hypothesis on r 3 and the equations
kn+i=i+k(n+i-i), 0<i<k-1, i=A 2,3,6,
kn+i=4[(k+1)72]+k(n+2k-2k-2), i=2,
kn + i = 4[(k + 3)/4] + k(n + k + 2 - k - 3), i=3,
kn+i=4[(k+3)/2]+k(n+2k+4-2k-6), i=6.
For those i -- 3 or 6 (mod 9), i 0 3, i ~A 6, we use Lemma 1 and the
factor 10 in 1760 . For those i -= 2 (mod 4), i 0
2, we use the factor 8 in
176 . Since 22 = 1 + 7(4 - 1) and 221 1760, when a L.A.S.O.T. of order 4
is needed in cases i = 2, 3, 6 it is always available . For the other factors of
i, 0 < i < k - 1, L.A.S.O.T.s of orders pi'	p,-,, for 0 < f3 ; < a; ,
1 < j < s - 1, are available .
Case ii. k = 3 (mod 4) . The proof is similar to Case i but we use the
equations
kn+i=i+k(n+i-i), 0<i<k-1, iH2,3,6,
kn + 1 = 4[(k + 1)/2] + k(n + 2k - 2), if k ; 11, i = 2,
3.8+k(n+22-24), if k=11, i=2,
kn + i = 4[(3k + 3)/4] + k(n + 3k - 3k - 3), i =3,
kn + i = 4[(2k + 6)/4] + k(n + 2k + 4 - 2k - 6), i=6.
Lemma 10 now follows by induction on s
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Proof of Theorem 1 . The bound in Theorem 1 follows immediately
from Lemma 10(i) if k = p, for some s > 1 or if k -_ 0 (mod 36), since
L(k, k) > L(k). If k- 2 (mod 4) then a factor 2 is obtained since 1760 =
8 • 10 • 22, and if k - 3 or 6 (mod 9) then a factor 10 is obtained from
1760 and then Lemma I used .
3 . PAIRS OF MUTUALLY ORTHOGONAL DOUBLE DIAGONAL
LATIN SQUARES (M.O.D.D.L.S .)
Lindner [8] showed that if (P,, P2) and (V,, V2) are pairs of
M.O.D.D.L.S ., if (Q,, Q2) is a pair of mutually orthogonal diagonal latin
squares, if (P, , P 2 ) is a pair of mutually orthogonal off diagonal latin
squares, where, as before, these latin squares are of orders p, v, q, q - p
respectively, and if v is even, then Vi x Q1(P1 , P l) and V2 x Q2(P2 , P2)
can be adapted to form a pair of M .O.D.D.L.S. Hilton and Scott [7], and
later Hilton [6], showed that this method could be adapted to the case v
odd, and thereby constructed a pair of M .O.D .D.L.S. of order 50 .
By Lindner's construction there is a pair of M.O.D.D.L.S. of order 4q
for all q > L(1), of order 4q + 1 = I + 4(q + 1 - 1) for all q > L(1),
of order 4q + 2 = 50 + 4(q + 38 - 50) for all q > L(50) - 38, and of
order 4q -{- 3 for all q > L(7) - 6 .
The bound for L(50) given in Theorem 1 can be improved somewhat .
In the proof of Lemma 2 we showed that
L(22, 64) < 22 ± 64 • 36372 .
In view of the equalities 64 = 8 • 8 = 1 + 7(10 - 1) we may use Con-
struction 2 and Eqs . 3 to prove, successively,
L(64, 22 • 5) < 5(22 + 64 . 36372)
and
L(64, 22 . 5 2) - 8 + 52(22 + 64 . 36372) = 58195750
so
L(50) < 58195750 .
From above there is a pair of M.O.D.D.L.S . for all
n > 50 + 4(L(50) - 50) .
Consequently we have the following theorem .
THEOREM 2 . If n > 232782850 there is a pair of M.O.D.D.L.S. of
order n .
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